We examine the possibilities of non-trivial phenomena of time-invariant entanglement and freezing dynamics of entanglement for qutrit-qutrit quantum systems. We find no evidence for time-invariant entanglement, however, we do observe that quantum states freeze their entanglement after decaying for some time. It is interesting that quantum states are changing whereas their entanglement remains constant. We find that the combined action of decoherence free subspaces and subspaces where quantum states decay, facilitate this phenomenon. This study is an extension of similar phenomena observed for qubit-qubit systems, qubit-qutrit, and multipartite quantum systems. We examine nonlocality of a specific family of states and find the certain instances where the states still remain entangled, however they can either loose their nonlocality at a finite time or remain nonlocal for all times.
I. INTRODUCTION
Entanglement and nonlocality are two features of quantum mechanics which have attracted lot of interest and considerable efforts have been devoted to develop a theory of these phenomenona [1, 2] . Due to growing efforts for experimental realizations of devices utilizing these features, it is essential to study the effects of noisy environments on entanglement and nonlocality. Such studies are an active area of research [3] and several authors have studied decoherence effects on quantum correlations for both bipartite and multipartite systems [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
The specific noise dominant in experiments on trapped atoms is caused by intensity fluctuations of electromagnetic fields which leads to collective dephasing process. The dynamics of entanglement under collective dephasing has been studied for both bipartite and multipartite quantum systems [19] [20] [21] [22] [23] [24] [25] [26] [27] . Some of these previous studies [18, [22] [23] [24] [25] , revealed two interesting features of the dynamical process, which are so called freezing dynamics of entanglement [18] and time-invariant entanglement [22] [23] [24] [25] . It was shown that a specific two qubits state may first decay upto some numerical value before suddenly stop decaying and maintain this stationary entanglement [24] . Such behavior was also observed for various genuine multipartite specific states of three and four qubits, including random states [18] . Other interesting dynamical feature under collective dephasing is the possibility of time-invariant entanglement. Time-invariant entanglement does not necessarily mean that the quantum states live in decoherence free subspaces (DFS). In fact the quantum states may change at every instance whereas their entanglement remain constant throughout the dynamical process. This feature was first observed for qubit-qutrit systems [22] and more recently for qubitqubit systems [23] . We have investigated time-invariant phenomenon for genuine entanglement of three and four qubits. We have explicitly observed this phenomenon for a specific family of quantum states of four qubits [18] . For qutrit-qutrit (3 ⊗ 3) systems, some features of entanglement dynamics under collective dephasing are known, in particular the phenomenon of distillability sudden death [26, 27] , however, so far to our knowledge, the possibility of time-invariant entanglement and freezing dynamics of entanglement has not been studied so far. In this work, we investigate these two features for this dimension of Hilbert space for a specific family of states and also for some random states.
Another aspect of quantum correlations is quantum nonlocality, which refers to the phenomenon that the predictions made using quantum mechanics cannot be simulated by a local hidden variable model. The existance of nonlocal correlations can be detected via violation of some types of Bell inequalities [28] . It is well known that pure entangled states violate a Bell inequality, whereas mixed entangled states may not do so [29] . It is also known that entangled states do exhibit some kind of hidden nonlocality [30] . The well known Clauser-Horne-Shimony-Holt (CHSH) inequality [31] for two qubits has been studied under decoherence both in theory [32] , and experiment [33] . Several investigations of nonlocality of multipartite quantum states under decoherence have been carried out [34] . The extension of CHSH inequality for multipartite quantum systems has received considerable attention in theory [35] [36] [37] [38] [39] [40] and in experiments [41, 42] . We have recently studied the effect of collective dephasing on genuine nonlocality of quantum states exhibiting time-invariant and freezing entanglement dynamics [18] . The problem of quantum nonlocality for high dimensional systems has been studied [43] [44] [45] . One particular inequality is called Collins-Gisin-LindenMassar-Popescu (CGLMP) inequality [46] . In this work, we also study the effect of collective dephasing on nonlocality of qutrit-qutrit systems using CGLMP inequality. This paper is organized as follows. In section II, we briefly discuss our model of interest. In section III, we review the idea of maximally entangled states for qutrit-qutrit systems and describe the method to compute a specific measure of entanglement for an arbitrary initial quantum state. We also review nonlocality and its computation in the same section. In section IV, we provide our main results. Finally, we conclude our work in section V.
II. COLLECTIVE DEPHASING FOR QUTRIT-QUTRIT SYSTEMS
Our physical model consists of two qutrits (two threelevel atoms for example) A and B that are coupled to a noisy environment, collectively. Our qutrits are sufficiently far apart and they do not interact with each other, so that we can treat them as independent. The collective dephasing refers to coupling of qutrits to the same noisy environment B(t). The Hamiltonian of the quantum system (with = 1) can be written as [20, 27] 
where µ is gyromagnetic ratio and σ z denotes the dephasing operator for qutrits A and B. The stochastic magnetic fields refer to statistically independent classical Markov processes satisfying the conditions
with · · · as ensemble time average and Γ denote the phase-damping rate for collective decoherence.
Let |2 , |1 , and |0 be the first excited state, second excited, and ground state of the qutrit, respectively. We choose the computational basis { |0, 0 , |0, 1 , |0, 2 |1, 0 , |1, 1 , |1, 2 , |2, 0 , |2, 1 , |2, 2 ,}, where we have dropped the subscripts A and B with the understanding that first basis represents qutrit A and second qutrit B. Also the notation |0 ⊗ |0 = |0 0 has been adopted for simplicity. The time-dependent density matrix for two-qutrits system is obtained by taking ensemble average over the noisy field, i. e., ρ(t) = ρ st (t) , where
The dynamics of density matrix can be given by operator sum representation [20] 
, where K j are Kraus operators that preserve the positivity and unit trace conditions, i. e.,
The most general solution of ρ(t) under the assumption that the system is not initially correlated with environment is given as
where the terms describing interaction with collective magnetic field B(t) involve the operators
The matrix form of Eq. (3) for an arbitrary initial state is given as 
We note that decoherence free subspaces (DFS) [19] do appear in this system as a common characteristic of collective dephasing. Another interesting property of the dynamics is the fact that all initially zero matrix elements remain zero.
III. ENTANGLEMENT AND NONLOCALITY FOR 3 ⊗ 3 QUANTUM SYSTEMS
In this section, we briefly review the key ideas and certain work related with entanglement and nonlocality for qutrit-qutrit systems. In subsection III A, we discuss the maximally entangled states and a computable measures of entanglement. In subsection III B, we review the nonlocality and methods to quantify it for quantum states.
A. Maximally entangled states of qutrit-qutrit systems
The analog of Bell-diagonal states of two qubits for qutrit-qutrit systems is simplex [47] , which lives in nine dimensional real linear space. Let us consider the maximally entangled pure state, given as
We can construct the basis of C 3 ⊗ C 3 consisting of maximally entangled pure states, like Bell states as follows. Let M is set of indices (m, n), where m, n ∈ Z 3 with addition and multiplication of indices as modulo 3. For each pair λ = (m, n) ∈ M, we can define a unitary operator
Then to each point λ ∈ M, we associate the vector |Ψ λ ∈ C 3 ⊗ C 3 , as
So we obtain the nine maximally entangled vectors, which form a basis of two qutrits vector space. We note that for collective dephasing model, six of these states reside in DFS and the rest of the 3 states reside in a space which is decoupled from DFS. While the geometry of Bell-diagonal states can be considered as tetrahedron with Bell states sitting at four corners, the corresponding geometry for qutrits is not that intuitive [47] , however both cases contain the maximally mixed state "I/N 2 " at the center of tetrahedrons.
The problem of detection and quantification of entanglement for qutrit-qutrit systems is not an easy one. It is well know that for a given bipartite quantum state, if the matrix with a partial transpose taken with respect to either of the subsystem, has at least one negative eigenvalue, then the quantum state is entangled and called NPT state [48] . There exist some qutrit-qutrit quantum states which have positive partial transpose (PPT), nevertheless, they are entangled [1, 49] . These PPT-entangled states or so called bound entangled states (BES) pose the actual difficulty in order to characteristic and quantify entangled states. Although there are few criteria, like realignment criterion also called crossnorm criterion [50] to detect some of bound entangled states, nevertheless, in general the problem of detection of entanglement for this dimension of Hilbert space is not solved and it is an open issue.
Negativity [51] is a useful measure to quantify entanglement of bipartite NPT states, however, strictly speaking, this measure do not captures the bound entangled states, and for a given initial state, if negativity is zero, then it is not known in general whether the states are entangled or not except for isotropic states. In addition, as the dimension of Hilbert space for bipartite systems is larger than 4 (qubit-qubit system), it is not always easy to find the analytical expressions for eigenvalues for an initial state. As negativity is quantified by adding negative eigenvalues, so exact expression for it is also intractable in many cases. Even the numerical computations could be done but the procedure is also not straightforward. The difficulty in computing the negativity numerically is now removed by recent studies in quantification of multipartite entanglement [52] . Although the main efforts of authors [52] were to quantify genuine entanglement for multipartite quantum systems, nevertheless, the genuine negativity simply gives the usual measure of negativity for bipartite quantum systems. We have used this measure in our study. The further details on computing this measure can be found in original work [52] .
B. Quantum nonlocality for qutrits
For a brief description of bipartite nonlocality, consider that each party can perform a measurement X j with result a j (b j ) for j = A(B). The joint probability distribution P (a A b B |X A X B ) may exhibit different notions of nonlocality. It may be that it cannot be written in local form as
where λ is a shared local variable. Such nonlocality can be tested by standard Bell inequalities. One such inequality for two parties, two settings, and three outcomes is called CGLMP inequality [46] . The experimental violation of this inequality has been observed [53] as well. The inequality is given as
where the outcomes are 0, 1, 2 and sum inside probabilities are modulo 3. The Bell operator associated with this inequality can be written [54] as
where we have omitted the tensor product symbols. The optimal measurements can be expressed in terms of eight Gell-Mann matrices. In general the exact form of these measurements are initial state dependent. However for an initial entangled state of the form |Ψ 0,0 , the Bell op-erator [55] is given as 
It is well known that entangled qutrits violate local realism more stronger than qubits [43] . For qubits, the maximum violation is achieved by Bell states and it is equal to 2 √ 2 ≈ 2.8284, whereas for qutrits the violation by maximally entangled state is equal to ≈ 2.8729 [55] . Surprisingly, it was found that the maximum violation for two qutrits is not achieved by maximally entangled state but by a non-maximally entangled state [55] given as
with µ = (
. It is not difficult to check that
which is equal to B ≈ 2.9149 for µ ≈ 0.7923. Similarly, for another entangled state [56] |ψ ν = ν(|00
where 0 ≤ ν ≤ 1/ √ 2, the expectation value of Bell operator is given as
which achieve its maximum violation for ν ≈ 0.617 [56] .
IV. DYNAMICS OF ENTANGLEMENT AND NONLOCALITY
All previous studies [18, [22] [23] [24] [25] which reported the possibility of time-invariant entanglement and freezing dynamics of entanglement have one fact common in their findings. The quantum states exhibiting these features are always mixtures of two entangled states and one of this entangled state reside in DFS such that when the entangled state living in subspace which is not decoherence free, decays, then somehow the entanglement present in DFS shields the combined states to preserve their entanglement. So, it is interesting to note that although quantum states (their eigenvalues as well) are changing all the time, nevertheless their entanglement remains stationary. In current system of two qutrits, we must also take a mixture of states from each subspace to check the possibility of time-invariant or freezing entanglement. To this aim, we define our initial states by mixing two entangled states from two decoupled subspaces. First let us consider the states,
where 0 ≤ α ≤ 1. These states are called isotropic states and they have the property that their PPT region is separable [49] . The states are NPT for 1/4 < α ≤ 1, and hence entangled. These states exhibit nonlocality for α > 9/(2(3 + 2 √ 3)) ≈ 0.6962 [55] . We now take another maximally entangled state residing in DFS, given as
This state is obtained using the relation (7). We can now define a family of states, which are mixture of isotropic states and |Ψ 0,2 , given as
where 0 ≤ β ≤ 1. Although, the entanglement properties for this family of states may not be very clear, however, the spectrum of states do shed some light on their being NPT or PPT. The partial transpose w.r.t. subsystem B gives 9 eigenvalues and 6 of them are definitely positive for the given range of parameters α and β. The 3 possible negative eigenvalues are all same and given as
(19) It is not difficult to check that for β > 1/4, the states are NPT for 0 ≤ α ≤ 1. Alternatively, the states are again NPT if α > 0.277 and 0 ≤ β ≤ 1.
The time evolution of these states follows from Eq. (4) and can be written as
Hence ρ α (t) decays, whereas |Ψ 0,2 remain dynamically invariant as it lives in DFS. Now there is an additional parameter Γt involved in the density matrix and due to this parameter not all the eigenvalues of partially transposed matrix are tractable. However, an interesting observation is accessible, which is the fact that out of three possible negative eigenvalues (given in Eq. (19)), one eigenvalue remains same and independent of parameter Γt. This simply implies that if we choose the parameters α > 0.277 and β > 1/4, the time evolved density matrix ρ α,β (t) remain NPT for all the time and hence remain entangled. The other two negative eigenvalues become unknown functions of parameters (α, β, Γt) and do feed (vary) any reasonable measure of entanglement, like negativity for some time until their contribution becomes extremely small or zero.
Another observation in previous studies on timeinvariant and freezing dynamics of entanglement is the fact that the fraction of states living in DFS must always be larger than other state. This makes sense as if the state living in decaying subspaces has larger probability in the mixture then due to decoherence of this fraction, entanglement is expected to decay faster. On the other hand if the state living in DFS has a larger fraction then its share of entanglement in combined state would also be larger and more stable. So only in these situations, one can expect either time-invariant entanglement or its freezing dynamics. This is exactly the expected dynamics which have found in Figure (1) . Although, we have included a very tiny fraction of states living outside decoherence free subspaces, nevertheless the entanglement does not remain invariant and decays with a very small rate (in 7th place after decimal point.). This simple example indicates that actually there is no time-invariant entanglement for this dimension of Hilbert space. However, we do expect the freezing dynamics of entanglement as the curve tends towards value 0.9985.
In order to get a general trend of decay for an arbitrary initial states, we have generated 100 random pure qutrit-qutrit states acoording to Haar measure [57] . We let these states interact with our reservoirs and we have studied their entanglement properties over a period of time. Figure (2) shows the results where it can seen that all of the initial NPT states remain NPT throughout the dynamical process. After initial entanglement decay upto a certain value, we observe the freezing behavior as expected. As all the off-diagonal elements living in DFS do not decay, so these elements in DFS retain their entan- glement.
Finally, we study the CGLMP inequality for this state ρ α,β (t). For this aim, we need an appropriate Bell operator which depends on the type of initial state we want to test. If we choose our parameters such that the offdiagonal term for DFS is larger than we need to apply unitary transformation to operator B (Eq. (11)) before taking the expectation value of it, that is,
where W 0,2 is the unitary operator to get state |Ψ 0,2 from state |Ψ 0,0 . It is straightforward to calculate the expectation value of this operator, which is given as
.
(22) It is clear that for β = 1, the state is trivially timeinvariant (as it lives in DFS) and we have violation of 4(3 + 2 √ 3)/9 ≈ 2.8729, for maximally entangled state |Ψ 0,2 . For all values β < 1, we have some change in nonlocality of quantum states, however for β > 9/(2(3 + 2 √ 3)) ≈ 0.6961 (This value coincides with the maximum white noise tolerance as discussed above), we have nonlocal asymptotic states and there is no so called sudden death of nonlocality.
Hence, we have both situations depending on parameter β, one with sudden death of quantum nonlocality but quantum states are still entangled and other case where states remain nonlocal and entangled.
V. CONCLUSIONS
We have studied the behavior of bipartite entanglement under Markovian collective dephasing. Using a computable entanglement monotone, we have observed the freezing dynamics of entanglement which has not been studied before for qutrit-qutrit quantum systems. We have analyzed the dynamics of ensemble of random pure quantum states of two qutrits and have found that all of them remain NPT and hence entangled for all times. The specific family of states which we have studied, also exhibit freezing entanglement phenomenon. Depending on parameter β, the dynamics can be different. We have also examined quantum nonlocality for these states and it turned out that again depending upon parameter β, the initial states either loose their nonlocality at a finite time for β < 0.6961 or remain nonlocal throughout the dynamics for β larger than this value. In both of these cases, provided that β > 1/4, the states remain NPT, means entangled irrespective of whether they are nonlocal or not. We have found no evidence for time-invariant entanglement for qutrit-qutrit states and based on our results, we conjecture that under current dynamics, this feature of time-invariant entanglement may not exist for qutrit-qutrit systems.
